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The onset of mixed convection in a fluid-saturated porous layer between two horizontal
plates heated from below with a constant heat flux is investigated theoretically. In the
present study, the Darcy model is applied and the resulting nonlinear equations are solved
by using the finite volume method. In order to analyze the growth behavior of convective
instabilities, the local growth rates of mean temperature and its fluctuations are examined.
Based on the numerical results, characteristic distances to represent the onset of second-
ary flow and also the manifestation of mixed convection are clarified to a certain degree
in comparison with available experimental data. The critical distance to mark the onset
of intrinsic thermal instability is predicted from a new stability criterion. It is interesting
that the propagation theory yields almost the same critical conditions as the numerical
ones. © 2006 American Institute of Chemical Engineers AIChE J, 52: 2677–2683, 2006
Keywords: onset of mixed convection, porous media, convective instability, local growth
rate, critical distance

Introduction

When the primary laminar flow between two horizontal
plates is heated from below, secondary flow can set in due to
buoyancy forces. In order to control flow and heat transfer, it is
important to predict wherefrom the secondary motion sets in.
The related mixed convection phenomena often occur in fluid-
saturated porous layers, which are encountered in packed-bed
processes, geothermal engineering, nuclear reactors, and insu-
lation of buildings. Most of these processes involve nonlinear,
developing temperature profiles. To predict the stability criteria
in such developing temperature fields, several theoretical mod-
els have been suggested.

For the fluid-saturated porous layer with primary laminar
flow, Combarnous and Bia1 investigated the onset of vortex
rolls experimentally and reported that with increasing Péclet

number, the transverse rolls are changed to the longitudinal
rolls aligned to the streamwise direction. Jones and Persichetti2

and Nield3 obtained the critical Darcy-Rayleigh number as a
function of the Péclet number for various boundary conditions.
The convective instabilities in porous media with the through-
flow were analyzed by Homsy and Sherwood.4 For laminar
boundary-layer flows, Hsu and Cheng5 conducted scaling anal-
ysis and predicted the critical conditions marking the onset of
longitudinal vortex rolls. Lee et al.6 and Chung et al.7 employed
the propagation theory in order to analyze the convective
instability in the laminar flow through the porous channel with
isothermal boundaries.

The propagation theory is based on the assumption that for
simple, diffusive deep-pool systems, the infinitesimal temper-
ature disturbances under linear theory are propagated mainly
within the thermal boundary-layer thickness �T and, based on
this length scale factor, the self-similar transformation is forced
like the classical boundary-layer theory. This model yields
reasonable stability criteria in diffusive fluid layers8-13 and also
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in laminar forced-convection flow systems,14,15 but it lacks
justification.

In the present study the onset of vortex instability in the
thermal entrance region of the fluid-saturated horizontal porous
layer with a primary laminar forced-convection flow is ana-
lyzed for the case of constant-flux heating, as shown in Figure
1. In such thermally developing systems, to understand the
local behavior of convective instability two characteristic dis-
tances in the streamwise direction are important. The first one
is the onset distance of convective instability, that is, intrinsic
instability, Xc. For X � Xc, instabilities grow until manifest
convection is observed. The second one is the undershoot
distance Xu at which the minimum Nusselt number is exhibited
in the plot of the Nusselt number vs. distance. This character-
istic distance is frequently used as the distance to mark first
manifestation of mixed convection because first detection of
secondary flow is not well-defined both theoretically and ex-
perimentally. For porous layers, Lai and Kulacki16 experimen-
tally obtained the average Nusselt numbers for various Darcy-
Rayleigh and Péclet numbers. They also considered the size of
the heat source and their experimental results were compared to
their previous work.17,18

In the present study, the critical distance Xc will be predicted
with the propagation theory and the resulting prediction will be
compared with the numerical simulation using the Boussinesq
equation. In the latter nonlinear simulation, we will employ the
finite volume method (FVM) to examine the local behavior of
instabilities and will predict the characteristic distances to mark
the onset of regular vortex rolls, Xc and Xu. These predicted
values will be compared with the experimental data of Lai and
Kulacki.16 For this purpose a new stability criterion based on
the temperature growth rates is suggested.

Onset of Mixed Convection
Governing equations

The system considered here is a fluid-saturated porous layer
with fully-developed laminar flow of uniform velocity U0 (see
Figure 1). The porous layer is confined between two horizontal
plates of depth H. The bottom plate is heated with a constant
heat flux qw and the top plate is kept at a constant inlet
temperature Ti. For a high qw, in the thermal entrance region of
the laminar flow, the nonlinear temperature profiles develop.
For the streamwise distance X � 0, the thermal boundary-layer
thickness �T increases with increasing X and the buoyancy-
driven secondary flow will set in at a certain distance in the
form of regular longitudinal vortex rolls. The dimensionless
governing equations are expressed under the Boussinesq ap-
proximation and Darcy flow:

�� � v � 0, (1)

v � ��� p � RaD�k, (2)

��/� x � �v � �� �� � �� 2�, (3)

with the boundary conditions,

w � 0, ��/� z � �1 at z � 0, (4a)

w � � � 0 at z � 1, (4b)

where v(�jv � kw), p(�PK/(��e)), � (�ke(T � Ti)/
(qwH)), and x(�X/(PeH)) are the dimensionless forms of the
Y- and the Z-velocity vector, the pressure P, the temperature T,
and the streamwise distance X, respectively. Here K, �, �e, ke,
and Pe(�U0H/�e) denote the permeability, the viscosity, the
effective thermal diffusivity, the effective thermal conductiv-
ity, and the Péclet number, respectively. The dimensionless
two-dimensional Cartesian coordinates (y, z) indicate, respec-
tively, the spanwise and the vertical distance with the scale H.
The vector differential operator �� denotes j�/� y � k�/� z and
(j, k) is the horizontal and the vertical unit vector. The impor-
tant parameter describing the present porous layer, the Darcy-
Rayleigh number, is defined as RaD � g�qwKH2/(ke�e	)
where g, �, and 	 represent the gravitational acceleration
constant, the thermal expansion coefficient, and the kinematic
viscosity, respectively. The roll-type instability is observed for
Pe � 0.75.1 The numerical results of Prasad et al.18 show that
longitudinal vortex rolls appear for Pe � 1. Therefore, we
consider only the onset of regular roll-type vortex instability,
and the effect of the Prandtl number is neglected with the
Darcy model.

In the present system, mixed convection exists for RaD �
27.1. The critical value RaD,c � 27.1 is the well-known value
at the thermally fully-developed state.2,19,20 But in the thermal
entrance region with RaD �� 27.1, the stability problem
becomes complicated. In this study the critical conditions to
mark the onset of secondary flow will be analyzed by using
both the propagation theory and the numerical simulation. For
this purpose a new stability criterion is suggested here, based
on the growth rates of disturbances.

Local growth rates

Under mixed convection the velocity and temperature fields
are divided into the mean quantities in the y-direction and their
fluctuations as usual:

v � 	v
 � v�, (5)

� � 	�
 � ��, (6)

where 	�
 and � represent the mean quantities and their fluctu-
ations, respectively. The mean quantity is a function of x and z.

In the present system, the local buoyancy force in mixed
convection is represented by

FB � 
ig��T � Ti�, (7)

Figure 1. System considered here.
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which is produced by temperature variations. Its mean and
fluctuation components are (FB,0, FB,1) � (	�
, ��)
ig�qwH/
ke, where FB � FB,0 � FB,1 and 
i is the fluid density at T �
Ti. It is stated that buoyancy-driven convection is driven due to
change in temperature. In order to examine the local behavior
of thermal instabilities, the following local growth rates of
temperature are defined:

r0,T �
1

	�
rms

d	�
rms

dx
, (8)

r1,T �
1

��rms

d��rms

dx
, (9)

where r0,T and r1,T are, respectively, the local growth rates of
the mean temperature and its fluctuations. The subscript rms
refers to the root-mean-square quantity, that is, �rms �
�(
S �2dS)/S with dS � dydz, where S represents the verti-
cal area at each x. Also, we define the local growth rate of
velocity fluctuations as follows:

r1,V �
1

v�rms

dv�rms

dx
, (10)

where v�rms � [
S (v�2 � w�2)dS/S]1/ 2.

Local behaviors of convective instability

In the present distance-dependent instability problem, the
selection of the inlet conditions is very important. But we do
not know what they are and wherefrom they are initiated. It has
been thought that thermal noises trigger instabilities. Among
them a most energetic, fastest growing mode of disturbances
would appear at x � xc, which denotes the critical distance to
mark the onset of regular longitudinal vortex rolls. We assume
that fluctuations have the following periodic patterns:

���, v�� � �A�x��*�z�, B�x�v*�z��exp�i�ay��

for 0 � x � xc, (11)

where a is the wavenumber with i � ��1. Here A and B are
the magnitudes of fluctuations, and the functions �* and v*
represent the normalized temperature and velocity amplitudes,
respectively.

The critical condition of the onset of intrinsic instability is
suggested here:

r1,T � r0,T with r1,V � 0 at x � xc. (12)

This means that a fastest growing mode of vortex instability
with the wavenumber a � ac sets in at the smallest distance xc

and it is driven thermally due to temperature fluctuations. It is
noted that the condition of r1,V � 0 ensures the onset of
secondary flow and its subsequent growth. For x � xc, magni-
tudes of fluctuations are very small in comparison with those of
primary flow and, therefore, secondary flow is neglected. For
x � xc, buoyancy-driven instabilities can grow and secondary
flow is detected downstream. Hereafter magnitude of fluctua-

tions is comparable to that of the primary flow. Therefore, the
system is assumed stable with r1,T � r0,T but unstable with r1,T

� r0,T. A stability criterion similar to Eq. 12 was first sug-
gested by Choi et al.21 for analyzing the onset of convective
instability in a Rayleigh-Bénard problem. Their predictions
compare favorably with the results from the propagation theory
in non-porous diffusive layers.

In the present study the Nusselt number with the character-
istic length H is defined as follows:

Nu �
1

L �
L

� qwH

ke�Tw � Ti�
�

Z�0

dY, (13)

where Y is the spanwise distance and L is the width of the
cross-section. With secondary flow, Nu deviates from that of
the primary laminar forced convection flow and it shows the
minimum at x � xu. This characteristic distance is here called
the undershoot distance.

Propagation Theory

The propagation theory is based on the assumption that
incipient temperature disturbances are propagated mainly
within the thermal boundary-layer thickness �T at the marginal
stability condition of r1,T � r0,T (see Eq. 12). Therefore, all the
variables and parameters having a length scale are rescaled
with �T and the self-similar transformation is forced to obtain
the stability criteria. The propagation theory has predicted
reasonably well the stability criteria for Rayleigh-Bénard con-
vection and also Marangoni-Bénard convection in the horizon-
tal fluid layers.8,9,22 This model is applied to the present porous
layer, as illustrated below.

For the present porous layer the disturbance equations are
obtained by linearizing Eqs. 1-3:

�� � v1 � 0, (14)

v1 � ��� p1 � RaD�1k, (15)

��1/� x � w1���0/� z� � �� 2�1, (16)

with the usual boundary conditions,

w1 � ��1/� z � 0 at z � 0, (17a)

w1 � �1 � 0 at z � 1, (17b)

where v � v0 � v1, p � p0 � p1, and � � �0 � �1. Here the
subscripts 0 and 1 denote the basic and perturbed quantities,
respectively. Under linear theory 	�
 can be replaced by �0 and
�� by �1. With the scaling analysis based on Eqs. 15 and 16 the
relation of RaD � 
T

�2 is obtained at the marginal state, where
the dimensionless thermal boundary-layer thickness 
T �
�T/H � x1/ 2.

Based on 
T(�x1/ 2), the perturbed quantities are expressed
under the usual normal mode analysis as
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�
v1� x, y, z�
w1� x, y, z�
p1� x, y, z�
�1� x, y, z�

� � �
� xn�1/ 2/a�v*���

xn�1w*���
xn�1/ 2p*���

xn�*���
�exp�iay�, (18)

where the superscript * indicates the transformed amplitude
functions of disturbances with � � z/x1/ 2. This leads to the
reasonable continuity equation independent of a, that is, v* �
dw*/d� � 0 from Eq. 14. With RaD
T

2 � constant, the above
relations make Eqs. 14-17 be transformed as a function of �
only. The above scaling satisfies Eqs. 1-3. In order to decide
the n-value, Eq. 12 is used. The basic temperature of laminar
forced convection, �0, is well-known:

�0 � 2x1/ 2 �
m�0

� 	 ��1�m
ierfc� m

x1/ 2 �
�

2�
� ierfc�m � 1

x1/ 2 �
�

2���, (19)

of which boundary conditions are �0 � 0 at x � 0 and �0 � 1
� z as x 3 �.

Now, Eqs. 14-16 are transformed self-similarly by using Eq.
18 with n � 1/2 and x is treated as a parameter. Here the
distance x is fixed by letting ��/� x � 0 under the frame of
amplitude coordinates x and � instead of x and z (see Eq. 19),
which is the same as Riaz et al.’s13 approach. The resulting
self-similar stability equation for small x of 
T �� 1 is

��D2 � a*2��D2 � ��/ 2� D � �a*2 � 1/ 2��

� Ra*Da*2D�*0�w* � 0, (20)

with the boundary conditions,

w* � �D3 � a*2D�w* � 0 at � � 0, (21a)

w* � �D2 � a*2�w* � 0 as � 3 �, (21b)

where a* � x1/ 2a, Ra*D � xRaD, D�*0 � x�1/ 2D�0, and D �
d/d�. Here Ra*D and a* have been considered as the eigenval-
ues and, therefore, the principle of the exchange of stabilities
can be applied.

The stability equations are solved numerically by employing
the outward shooting method. The proper initial values of
Dw*, D2w* at � � 0, and Ra*D are assumed and then the
stability equation is integrated with the fourth-order Runge-
Kutta-Gill method. The initially guessed values are corrected
by using the Newton-Raphson iteration. As a result, the mini-
mum values of Ra*D can be found for the given critical a*-
value, that is, a*c. In other words, the critical distance xc and the
critical wavenumber ac are found for a given RaD. With n �
1/2 the relation of r1,T � r0,T is obtained from Eqs. 8, 9, and
19, and the solution of Eq. 20.

In this study the critical distance obtained by the propagation
theory is written as x*c. For RaD � 100, the resulting critical
conditions are found to be

RaDx*c � 11.74, (22)

acx*c
1/ 2 � 1.007. (23)

The system is considered to be unstable for x � x*c. Now, the
stability criteria are extended to the region of x � 1 by
replacing � 3 � with � � 1/x1/ 2 in the upper boundary
condition (Eq. 21b). The resulting overall stability criteria are
shown in Figure 2. It is interesting that the result for large x*c
approaches the well-known values of RaD,c � 27.1 and ac �
2.33 for xc 3 �.

Numerical Simulation Procedure

The nonlinear governing equations 1-3 were solved numer-
ically by using the finite volume method FVM.23 Only one
regular longitudinal vortex roll with horizontal periodicity was
considered, which represents secondary flow in the horizon-
tally infinite layer. The SIMPLE algorithm was applied to solve
the pressure equation, and the hybrid scheme was employed to
formulate the convection-diffusion discretization equations.
The implicit method was adopted to solve the x-dependent
problem and the first-order x-increment was used. The number
of meshes was 32 � 40. Finer meshes were used near the top
and bottom boundaries since for a high RaD the thermal bound-
ary-layer thickness is very small at small x. Also, to ensure the
numerical instability, the distance step �x � 10�6 was used. In
the present x-dependent problem, the convergence was as-
sumed when the change of the physical quantities was smaller
than 10�6 at each x-step. The A(0)-value was chosen with 0 �
A(0) � 10�2 and the local behaviors of the growth rates
represented by Eqs. 8 and 9 were examined.

The inlet conditions at x � 0 are constructed as �� � A(0)�*
( z)cos(ay), v� � �B(0)((�w*( z)/� z)/a)sin(ay), and w� �
B(0)w*( z)cos(ay) from Eq. 11, where A(0) and B(0) are the
inlet magnitudes. Here it is assumed that for 0 � x � xc, �*( z)
and w*( z) would not change from the initial patterns and
regular longitudinal rolls would appear. This means that the
unique disturbance patterns are decided with the converged

Figure 2. Darcy-Rayleigh number vs. critical distance
with a � ac.
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disturbance profiles obtained by iterating the calculation for 0
� x � xc.

Numerical Simulation Results

The results of the numerical simulation by the FVM are
reported here. For the case of the linear base temperature, the
growth rates (r0,T, r1,T, and r1,V) are illustrated in Figure 3 with
its well-known critical conditions of RaD,c � 27.1 and ac �
2.33. It shows the relation of r0,T � r1,T � r1,V � 0 as x 3
�. In this limiting case, xc becomes infinite and it is known that
r1,T, r1,V � 0. But for RaD � 27.1, it is shown that r1,T � 0
even if x 3 �. Therefore, it is here verified that the critical
Darcy-Rayleigh number RaD,c is equal to 27.1 and also the
present numerical scheme is a reasonable one.

With RaD � 300 and A(0) � 10�4 the behavior of
fluctuations along the streamwise distance x is illustrated in
Figure 4. For small x, both w�rms and ��rms retain almost the
same magnitudes as their inlet ones. Therefore, numerically
given disturbances may set in anywhere in the range of 0 � x

�� xc. This supports Mahler and Schechter’s24 viewpoint that
initiated thermodynamic disturbances would not grow or decay
at their early stage. But in the region of 0.03 � x � 0.2 they
increase sharply with increasing x. The local growth rates are
illustrated in Figure 5. The stability condition represented by
Eq. 12 yields xc � 3.6 � 10�2 with ac � 4.9 for RaD � 300.
Here the r1,T - and r1,V-paths are the unique ones but the
former is almost independent of the inlet velocity condition.
The maximum values of r1,T and r1,V appear at x � xm,T and
x � xm,V, respectively. Up to these distances, the difference
between the results from nonlinear equations and those from
linear ones is very small. The latter ones start to deviate
significantly at x � xm,V from the nonlinear ones, and the
superexponential growth of fluctuations is suppressed due to
the nonlinear effects. Since secondary flow sets in due to
temperature variations, r1,T seems to play the critical role
rather than r1,V in deciding xc. In the present study, the xc-value
is independent of the A(0)-value but xm,T - and xm,V -values are
dependent upon the A(0)-value, as shown in Figure 5. Since the
present xc-value is the invariant for a given RaD, it is here
called the critical distance to mark the onset of intrinsic insta-
bility. The local behavior of the Nusselt number Nu along the
streamwise distance x is shown in Figure 6. The present nu-
merical simulation yields the undershoot distance xu in the plot
of Nu versus x, as expected. It is clear that manifest convection
exists at x � xu. But the predicted xu-value is dependent upon
the A(0)-value like xm,T. Here it is shown that xm,T � xm,V �
xu for a given A(0)-value.

For the present system, Lai and Kulacki16 observed mixed
convection at some downstream distance for various Darcy-
Rayleigh and Péclet numbers with variations of heat-source
length. They obtained the average Nusselt number Nu for a
given RaD and Pe by measuring the bottom temperature. In the
present study their Nu corresponds to

Nu �
1

x �
0

x

Nudx. (24)

For RaD � 100 and 300 the local behavior of Nu is
illustrated in Figure 7. The present results with A(0) � 10�3

and 10�4 compare well with their experimental data.

Figure 3. Local growth rates with RaD,c � 27.1 and ac �
2.33 for the case of linear temperature profiles.

Figure 4. Local behaviors of fluctuations for RaD � 300
and ac � 4.9.

Figure 5. Local growth rates for RaD � 300 and ac � 4.9.
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The characteristic distances obtained by the numerical sim-
ulation are compared with the previous results in Figure 8. The
onset distance of intrinsic instability, xc, is close to the critical
distance predicted from the propagation theory, x*c. It is shown
that the critical distances obtained by Hsu and Cheng5 are a
little larger than the present xc- and x*c-values. They used the
bottom boundary condition �1 � 0 at z � 0 instead of ��1/� z
� 0 in Eq. 17a. With the propagation theory, if �1 � 0 is used
instead of ��1/� z � 0 at z � 0 in the boundary condition 17a,
the critical conditions are the same as their predictions. For the
boundary condition of constant-flux heating systems, ��1/� z
� 0 is usually used.25 It is very interesting that the present
numerical predictions are well represented by those from the
propagation theory.

The undershoot distance xu (see Figures 6 and 7) surely
ensures the manifestation of secondary flow. In the present
simulation, the relations of xu � 3.6xc and xu � 4.7xc,
respectively, for A(0) � 10�3 and 10�4, are obtained. It is
expected that the instability at x � xc is extremely small and it

should grow until manifest secondary flow is detected. The
present numerical results of the undershoot distance of Nu, x�u,
are compared with experimental data of Lai and Kulacki.16 The
present x�u-values for A(0) � 10�3 and 10�4 follow experi-
mental ones to a certain degree. The detection of secondary
flow may be connected to r1,V and, therefore, significantly
grown rolls would be observed near x � xm,V(�xu). We
suppose that the detection distance xD, at which the first ob-
servable motion is detected, exists between xc and xu, that is, xc

� xD � xu(�xm,V) and its exact value is not given explicitly.
For RaD � 102 the numerical critical conditions to mark the

onset distance of intrinsic instability are well approximated by

RaDxc � 11, ac � 0.28RaD
1/ 2, (25)

within the error bound of 3%. Here xc is not sensitive on a near
ac and it is a little smaller than that from the propagation theory
(see Eq. 22). It is mentioned that in the Darcy regime the
propagation theory yields a good approximation.

Conclusions

The critical distances to mark the onset of mixed convection
in the thermal entrance region of the fluid-saturated porous
layer with a laminar primary flow have been investigated based
on the propagation theory and also the numerical method.
Under the Darcy model, the characteristic distances xc and xu

have been examined. In the present system, a new stability
criterion is suggested such that a fastest growing instability sets
in at x � xc with r1,T � r0,T. The numerical results show that
the critical distance to mark the onset distance of intrinsic
instability, xc, is the invariant, which is independent of the inlet
magnitude of temperature fluctuations, that is, A(0). It is found
that the critical distance obtained from the propagation theory
is nearly the same as the present xc-value. It is clear that in the
present system linear theory is applied to x � xm,V.

The mixed convection is surely observed at the undershoot
distance xu, which is dependent upon the A(0)-value. Experi-
mental evidences show that the proper A(0)-value may be
chosen between 10�4 and 10�3. The characteristic distance xD,

Figure 6. Local behavior of the Nusselt number with RaD

� 300 and ac � 4.9.

Figure 7. Comparison of the average Nusselt number
with available experimental data.

Figure 8. Comparison of predicted characteristic dis-
tances with experimental data.
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at which the convective motion can be first detected, would be
located between xc and xm,V. Therefore, the relation of xc � xD

� xm,V � xu is here suggested. The present numerical simu-
lation follows actual phenomena reasonably well for xc � x �
xu in comparison with available experimental data and also
clarifies the characteristic distances xc, xD, and xu.
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